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In this paper we continue the study of p-groups G of square order p2n and 
investigate the existence of partial congruence partitions (sets of mutually disjoint 
subgroups of order p~) in G. Partial congruence partitions are used to construct 
translation ets and partial difference sets, two objects studied extensively in finite 
geometries and combinatorics. We prove that the maximal number of mutually 
disjoint subgroups of order pn in a group G of order p2n cannot be more than 
(pn-l _ 1 ) (p -  1)-a provided that n ~> 4 and that G is not elementary abelian. This 
improves an earlier esult (D. Hachenberger, J. Algebra 152, 1992, 207-229) and as 
we do not distinguish the cases p = 2 and p odd in the present paper, we also have 
a generalization of D. Frohardt's theorem on 2-groups (J. Algebra 107, 1987, 
153-159). Furthermore we study groups of order p 6. We can show that for each odd 
prime number, there exist exactly four nonisomorphic groups which contain at least 
p + 2 mutually disjoint subgroups or order p3 Again, as we do not distinguish 
between the even and the odd case in advance, we in particular obtain the 
classification of groups of order 64 which contain at least 4 mutually disjoint 
subgroups of order 8 found by D. Gluck (J. Combin. Theory Ser. A 51, 1989, 
138-141) and A. P. Sprague (Mitt. Math. Sere. Giessen 157, 1982, 46-68). © 1993 
Academic Press, Inc. 
1. INTRODUCTION 
Let  G be a f inite group  and  H={H a .... ,Hr}  a nonempty  set of r 
nont r iv ia l  subgroups  of  G. We say that  H satisfies the maximaIity condi- 
tion, if 
HiH i=G for all i e j .  (1) 
The  e lements  of  H are cal led components. 
I f  in add i t ion  the order  of  G is s 2, the  number  r of  components  is at  least  
3 and  
]H i l=s for  all i= l , . . . , r ,  (2) 
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then H is called a partial congruence partition of order s and degree r in G 
(for short an (s, r)-PCP in G). 
A direct consequence of the definition of an (s, r)-PCP H is 
Hi~Hj=I  forall i# j  inH. (3) 
Partial congruence partitions have been studied extensively by many 
authors (see, e.g., [1, 3-8, 10, 11, 13]) because of their close relation to 
translation ets. The reader who is interested in the geometric background 
is referred to [2, 6-8, 10-13]. Further applications of partial congruence 
partitions in mathematics, e.g., the construction of certain partial difference 
sets, are discussed in [1, 12], where one can also find many further 
references. 
As in [6, 7, 12] we define 
T(G) := max{r <~ s+ 1: there exists an (s, r)-PCP in G}. (4) 
It is easy to see that a partial congruence partition of order s in G cannot 
contain more than s + 1 components and it is well known that equality 
holds if and only if G is elementary abelian, thus in particular the order s 
is a power of a prime. As T(G) <% T(P) for any Sylow subgroup P of G (see 
[4, 6, 11, 12]), we are mainly interested in studying PCPs in p-groups. 
The elementary abelian case is well known: If G is elementary abelian of 
order p2n, then 
T(6) =p" + 1. (5) 
We are therefore going to investigate p-groups which are not elementary 
abelian and deal with the following problem: How large can the degree r
of a partial congruence partition in a group G of order p2, be, provided 
that G is not elementary abelian? 
The following theorem shows that r will be considerably smaller than in 
the elementary abelian case. 
(1.1) THEOREM. Let n >~ 4 and let G be a group of order p2n. Assume that 
G is not elementary abelian. Then 
n--1 1 
T(G) <P - 
p-1  
EXAMVLE. Let G be elementary abelian of order 38, then T(G) = 82 by 
(5). Let K be any group of order 38 which is not elementary abelian, then 
T(K) <. 13. 
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Theorem (1.1) is an improvement of a result on p-groups of odd order 
in [6]. If p= 2, we obtain a known result on 2-groups which was proved 
by D. Frohardt in [4]. Similar to [4] our proof of (1.1) proceeds by 
investigating carefully the interplay between the components of a PCP in 
G and f21(Z(G)), the largest elementary abelian subgroup of the center of 
G. However, our proof is not just a generalization of that in [4]: In his 
proof, D. Frohardt uses in several steps the fact that a finite 2-group G 
contains at least 4 -1. [G] elements of order at least 4 provided that G is 
not elementary abelian (see [4, Lemma 1]). As the analogue is not true in 
p-groups of odd order and as we do not distinguish between the cases p = 2 
and p odd, we have to use other methods and therefore give implicitly a 
new proof of the special case where p = 2. 
We will see that p-groups of exponent p are more difficult to handle than 
other p-groups (this becomes clear in (1.8) below). On the other hand, 
p-groups of exponent p are also a source for many interesting examples: In 
[-7 ] some series of so-called large translation ets are constructed with partial 
congruence partitions in such groups. Furthermore, we will see that all 
groups G of orderp 6 with oddp and T(G) ~>p + 2 have exponent p. We prove 
(1.2) THEOREM. Let G be a group of order p 6 and let Y2 :=t'21(Z(G))= 
(x~Z(a)  l Xp= l ). 
I f  T(G)~> p + 2 = (p3-1_ 1 ) (p -  1)-1 + 1, then [t2[~> p3 and one has one 
of the following cases: 
(1.2a) G is elementary abelian and T(G) =p3 + 1. 
(1.2b) p is odd, G is isomorphic to E(p 3) × EA(p3), and T(G) =p + 2. 
(Here E(p 3) and EA(p 3) denote the extraspecial group of order p3 and 
exponent p and the elementary abelian group of order p3, respectively.) 
(1.2c) p is odd, G is isomorphic to the unique special group of 
exponent p with center of order p3, and T(G) =p2 + 1. 
(1.2d) G is isomorphic to 
( a, b, c, u, v, x[ all generators have order p; [a, b] = u, 
I-b, c] = v, all other commutators in generators are equal to one) 
and T( G ) = p + 2. 
Again most of the results are new in the odd case while partial 
congruence partitions in groups of order 64 were studied by D. Gluck 
and A. P. Sprague in [-5, 13], respectively. Their result is covered by our 
investigations. 
The particular interst in 2-groups arises from the fact that certain 
Hadamard Difference sets can be constructed by using (2 ~, 2"-I)-PCPs 
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(see J. Dillon [3], where the problem of classifying all groups G of 
order  2 2n with T(G)~>2 ~-1 was posed). We therefore summarize the 
consequences of (1.1) and (1.2) for the particular case p = 2: 
TI-IEOR~M (D. Frohardt, D. Gluck, A. P. Sprague). Let G be a group of 
order 2 zn with n ~> 3 and assume that there exists a (2 ", 2"-I)-PCP in G. 
Then G is elementary abelian or G is isomorphic to the group in (1.2d) 
(with p = 2). 
However, as mentioned in the abstract and above, partial congruence 
partitions in general are of certain interest in mathematics. 
We remark that all groups of order p4 with at least three mutually 
disjoint subgroups of order p2 are classified in [6, Sect. 41. 
In the remainder of this introductory section we summarize the basic 
tools we need to prove (1.1) and (1.2). They are more or less implicit in [6, 
Sects. 2 and 3] so that we do not need to prove everything. Beside these 
results we use only basic facts from the theory of p-groups, which can be 
found in [9, Chap. III]. 
We start with some upper bounds for the cardinality of sets of subgroups 
satisfying the maximality condition (1): 
(1.3) PROPOSITION. Let G be a p-group and ~ a set of r subgroups of G. 
Assume that H satisfies (1). Let tl(G) be an epimorphic image of G 
and assume that t/(H):= {~/(H)IH~ H} is a set of nontrivial subgroups of 
Then q(H) satisfies as well the maximality condition and 
Iq(G)/~(~(G))I >>- r(p - 1) + 1. 
(As usual, ~(X) denotes the Frattini subgroup of a group X.) 
Proof The first assertion is clear as t/(H) by assumption is a set of 
nontrivial subgroups of G and as q(H)q(K)= q(HK)= t/(G) for any two 
different components H and K in H. By (1) different components of t/(H) 
lie in different maximal subgroups of ~(G), hence, by assumption, q(G) 
contains at least r different maximal subgroups. The Frattini subgroup 
~b(q(G)) of q(G) is by definition the intersection of all maximal subgroups 
in ~t(G), whence the maximal subgroups of the factor group V:= 
tl(G)/q~(tl(G)) are in one-to-one correspondence to the maximal subgroups 
of q(G). As V is elementary abelian, the number of maximal subgroups of 
q(G) is by duality equal to the number of one-dimensional subspaces of V 
(regarded as a vector space over the Galois field GF(p) of order p). The 
above inequality follows now immediately from the fact that V contains 
(1 VI - 1)(p - 1)- 1 different one-dimensional subspaces. | 
A COMBINATORIAL PROBLEM IN GROUP THEORY 83 
(1.4) COROLLARY. Let H and G be as in (1.3) and let X be a proper 
normal subgroup of G. Assume that HX/X is a nontrivial subgroup of G/X 
for all H in H. Then 
IGI [@(G)c~ XI ~r(p -  1)q- l. 
IXl I,P(G)I 
Proof. By [9, Chap. III, 3.14] we have q~(G/X)= q~(G)X/X, which is 
isomorphic to ~(G)/~(G)c~X. Hence I~(a/x)l = 14(O)1. I~(a)nxl - -1 
Now apply (1.3) with the natural epimorphism 7: G ~-~ G/X. | 
Sets of subgroups of p-groups satisfying the maximality condition were 
first studied by D. Jungnickel in El0, 11]. There such sets are called 
generalized partial congruence partitions with parameter t provided that 
there exists a component of order p' and that this is the maximal order a 
component can have. The situations where Theorem 4.9 of [10], a result 
on the maximal size of generalized partial congruence partitions, is used in 
[6] can indeed be handled with variations of (1.4). In the present paper we 
will use (1.4) instead of the deeper esult in [10]. 
We continue with a factorization lemma of [6]. Its applications (1.6), 
(1.7), and (1.8) below are indispensable in studying PCPs. They were, for 
example, very useful in determining all groups G of order p4 with T(G) >1 3 
(see [6, Sect. 4]). Proofs, further applications, and generalizations of (1.5) 
can be found in [6, Sect. 3]. 
(1.5) FACTORIZATION LEMMA. Let G be a group of order s 2, X a 
nontrivial normal subgroup of G and H an (s, r)-PCP in G (with r >1 3 by 
definition). Assume the validity of 
X=(Hc~X)(Kc~X)  foreachpairofsubgroupsH, K (H#K)  inH. (6) 
Then the order of X is a square, say IXI = n 2 and the order of the factor 
group G/X is (s/n) 2. Furthermore {HoaX: He  H} and { HX/X : He  ~0 } are 
(n, r)- and (s/n, r)-PCPs in X and G/X, respectively. 
In particular, r <~ min { T(X), T(G/Z) }. 
(1.6) Application. Let G be a p-group of order p2, and H a (pn, r)-PCP 
(r>~3) in G consisting only of abelian components. Then (6) holds with 
X= Z(G) and X= (2,(Z(G)). 
Furthermore, if one of these groups is nontrivial then 
r<~p [n/2] + 1. 
(Here [x] :=max{ke N u {0} :k<~x} for any rational number x.) 
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(1.7) Remarks. Let G be a p-group of order p2~ and H an (pn, r)-PCP 
in G. 
(i) If Z(G) or f2~(Z(G)) is not of square order, then H contains at 
most two abelian components by the previous lemma. 
(ii) Let J(e {Z(G),£21(Z(G)) }. If H contains exactly two abelian 
components, ay H and K, then H and K still factorize X, that means 
X=(Hc~X)(Kc~X)  remains valid. But Hc~X and Kc~X do not need to 
have equal order and likewise X does not need to have square order. 
(1.8) Application. Let p be an odd prime number and let G be a group 
of order p2,. Assume that the class of G is 2 and that the derived subgroup 
G' of G is elementary abelian. Let H be any (pn, r)-PCP in G. Then (6) 
holds with X=f21(G), the subgroup of G generated by the elements of 
order p. 
Moreover, if r ?>pin~Z]+ 1, then G has exponentp. 
We close the introduction with a very useful argument (see [4, 
Lemma2]). For any nonempty subset X of a group G we denote by 
X ~ := {xg[xeX,  g eG} the union of the conjugacy classes of elements 
in X. 
(1.9) LEMMA. Let G be a group of order s 2 and let ~ be an (s, r)-PCP 
in G. Then IH G c~ K ~] = 1 for any two different eomponents H and K in H. 
2. THE PROOFS OF THEOREMS (1.1) AND (1.2) 
The proofs of (1.1) and (1.2) proceed in several steps, We use the 
notation ~2 := g21(Z(G)). Note that £2 ~ 1 for all nontrivial p-groups. 
General Assumptions. Let G be a group of order pen which is not 
elementary abelian. Assume that n ~> 3 and that G contains a (pn, r)-PCP 
H w i thr>(p  ~ ~- l ) (p -1 )  -1. 
In particular, we have r >i 4. 
(2.1) L~(o)I ~<p". 
Proof If we use (1.4) with X= 1, then, by our general assumption on 
the number of components, we obtain immediately that 
I~b(O)l ~< IG[. ( r (p -  1)+ 1)) -1 <p,+l .  
Since I~(G)] is a power of p, we have the desired result. ] 
(2.2) G is nonabelian. 
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Proof Assume that G is abelian, then each component of H is abelian. 
As G is not elementary abelian by assumption, f2 is a proper subgroup of 
G. We may therefore apply (1.6) with X :=f2  which is equal to f21(G ) in 
this case and obtain T(G)<<.pE"/21+ l. But this is a contradiction to 
T(G)>/r>(/) n 1--1)(/)--1) -1 andn>~3. | 
(2.3) I f  IZ(G)I>p n then n=3,  p is odd, G is isomorphic to 
E(p 3) × EA(/)3), and T(G) =p + 2 (this is case (1.2b)). 
Proof We assume first that Iq(Z(G)):= {HZ(G)/Z(G)IHe Dq } is a set 
of nontrivial subgroups of G/Z(G). An application of (1.4) with X := Z(G) 
shows 
[Z(G)J<~p2~.fq~(G)c~Z(G)J.]q~(G)I 1. ( r (p -1 )+ l )  -~. (7) 
As trivially JoF(G)r~Z(G)I.I~(G)[ 141 and r>(pn- l -1 ) (p -1 )  1 by 
assumption, we obtain [Z(G)[</) ~+1 from (7), thus [Z(G)]<<./) n, a 
contradiction. 
Therefore there exists a component N in H satisfying NZ(G)= G. Thus 
N is a normal subgroup of G. The factor group GIN is isomorphic to a 
factor group of Z(G) and therefore abelian. Thus the derived subgroup G' 
of G is contained in N. As Y' ~ G' for every subgroup Y of G, we obtain 
by (3) in particular that H is abelian for all H in H - {N}. 
Furthermore, it is clear that HZ(G) is a proper subgroup of G for any 
other component H in H - {N}. Otherwise we would have G'~< Nr~ H= 1, 
thus G is abelian. But this is a contradiction to (2.2). 
An application of (1.6) with X:=Z(G) and the partial congruence 
partition H - {N} of order pn and degree r -  1 yields 
(p"-  ~ - 1)(p - 1) -1 ~< r -  1 <~pE~/2~ + 1. (8) 
(Observe that r -1  ~> 3 and that 1 C Z(G) by (2.2) is a proper subgroup 
of G.) 
Now (8) implies n = 3, hence G is a group of order p6. Since the left hand 
and the right hand side are equal in (8), we see that r =p + 2. As the order 
of Z(G) by (1.6) is a square, G is nonabelian and JZ(G)t >pn__/)3 by 
assumption, we obtain that IZ(G)I =/)4. 
Now H-{N} is a (p3, p+I ) -PCP  consisting only of abelian 
components. Applying once more (1.6) we see that £2 is of square order, 
hence [D] ~ {p2,/)4}. Moreover, Neff2 is nontrivial as N is normal in G. 
Thus all components have nontrivial intersection with f2, so that we 
obtain I~1 > (p + 2)(/) - 1) + 1 =/)2 +p _ 1 >/)2, hence f2 is of order p 4 and 
fa = Z(G). 
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In particular, we see that G is isomorphic to Nx EA(p3). As G is non- 
abelian by (2.2), the component N has to be nonabelian. Moreover, as GIN 
is elementary abelian, the Frattini subgroup ~(G) of G is contained in N. 
Now for any subgroup X of G we have qs(X)~ qS(G) by [9, Chap. III, 
3.14]. Hence, again by (3), ~(H) = 1 and therefore H is elementary abelian 
for all H in H - {N}. 
Now H(O) :={HOIHeH-{N}} is exactly the set of maximal sub- 
groups in G containing ~ (note that [Hn g21 =p2 for all H~ H - {N} by 
(1.5) and (1.6)). As Xc~ Y=O for different members X and Yin H(O), an 
easy counting argument shows 
Hf2 = (p+ 1)(pS-p4)+p4=p6= IG[. (9) 
Since HO is elementary abelian of order p5 for all H in H - {N}, Eq. (9) 
implies that G is of exponent p. In particular N is a nonabelian group of 
order p3 and exponent p. Thus p is odd and N is isomorphic to E(p3), the 
extraspecial group of order p3 and exponent p. 
It remains to show that G=E(p3)xEA(p 3) indeed contains p+2 
mutually disjoint subgroups of order p3. 
In generators and relations G can be written as 
(a, b, u, v, x, y] all generators have order p; [a, b] =y, 
all other commutators in generators are equal to 1 ). 
As p is odd and G has class 2, we can use that the commutator mapping 
[., .]: G x G~-~G' is bilinear and skew-symmetric with respect to the 
Galois field GF(p) of order p, that is, 
[g,h] = [h,g] -1 and [g~,h] = [g,h] ~ 
for all g, h in G and all 2 in GF(p). (10) 
Furthermore, 
(gh)X=gXh~[g, hl -(z2) forallg, hinGandall2inGF(p) 
(here (22) = 2 -1~(2 ,1) ) .  (11) 
It is easy to show that any element in G can uniquely be written in the 
form a~b~uUvVxey ~ with e, fl, #, v, 4, ~/sGF(p). We refer to this as the 
standard presentation. 
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Define 
H i := (ab i, xy i, uv e) for i in GF(p), 
Hoo := (bx, v, uy) (12) 
N := (av, b, y) .  
We claim that H := {N, Hoo}u{HetieGF(p)} is an (p3 p+2) -PCP  in G. 
Using the presentation of G, it is easy to see that N is isomorphic to 
E(p 3) and that all other subgroups are elementary abelian of order p3. We 
use now (10) and (11) to write elements of Hi (i~ GF(p)), H~,  and N in 
standard presentation and obtain 
Hi= { (abi) ~ (xyi) ~ (uvi)~[ ~, fl, ~ e GF(p)} 
= {a~bi~ueviZ'xt3yel~-i(~)[o~, fl, ]) ~ GF(p)}, 
H~ = { b~'u~vax~yV l ~, [3, V e GV(p)}, 
N= {a~bav~yr[c~, fl, 7 e GF(p)}. 
Now is not difficult to verify that ~ satisfies (3), which proves (2.3). We 
skip the easy calculations. | 
From now on we assume that IZ(G)[ <~pn. In (2.4), (2.5), and (2.6) 
we therefore deal with the cases f21 =p", It2[ =p~ 1, and It21 ~<p~-2, 
respectively. 
(2.4) I f  It21 =p", then n=3 and, depending on whether I~(a)l =p3 or 
tq~(G) I =p2, we have one of the following cases: 
(i) p is odd, G is a special group of exponent p with center of order 
p3, and therefore isomorphic to 
(a, b, c, x, y, z] allgeneratorshave orderp; [a, b] =x, [a, c] =y,  [b, c] =z, 
all other commutators in generators are equal to one). 
Furthermore T(G)=p2 + 1. (This is case (1.2c).) 
(ii) p is any prime number, G is isomorphic to 
( a, b, c, u, v, x] all generators have order p; [ a, c ] = u, [ b, c ] = v, 
all other commutators in generators are equal to one ). 
Furthermore T( G) = p + 2. (This is case (1.2d).) 
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Proof Assume that 1£21 =p" (note that then ~ = Z(G)). As in the proof 
of (2.3) any subgroup X of G satisfying Y(O = G is normal in G and has 
therefore nontrivial intersection with O. As IO[ =pn and ]GI =p2,, X 
cannot have order p". In particular each component H in H intersects 
nontrivially. Hence { HO/~ I H E H } is a set of nontrivial subgroups of G/f2. 
An application of (1.4) with X := £2 shows 
1 ~< Iq~(G)l • [~(G)  c~ £21 - i  = I~(G)  :~(G)  c~ f2j 
<~p2,. [f2l-l.(r(p_ 1)+ 1) -I <p. 
Therefore q~(G)c~ O = ~(G), hence ~(G)~< £2. As furthermore G is non- 
abelian by (2.2), this shows that G is nilpotent of class 2. 
Before going on, we give a short outline of the further proof of (2.4). 
By counting nonabelian components of H we can deduce a lower bound 
for the order of the derived subgroup G' of G. As G' ~< ~(G), we therefore 
obtain likewise a lower bound for I~(G)L; more precisely we prove that 
[G'I, Iq~(G)l~{p~-l,p ~} (see (2.4a)). After having handled the case 
IG'J =pn-1 in (2.4b), we can assume that G is a special group, that is, 
ek(G) = G' = Z(G) (see (2.4c)) and may apply some ideas of [6, Sect. 5]. 
(2.4a) JG'], I~(G)] ~ {pn-l,p~}. 
If n is odd, then If21 is not a square and Remark (1.7)(i) shows that H 
cannot contain more than 2 abelian components. Therefore H' is nontrivial 
for at least r -  2 components. We obtain 
[G'I >~ ( r -2 ) (p -  1)+ 1 >~p,-l_p+ 1 (13) 
and therefore IG'[ ~>p,-1 as [G't is a power ofp  and as n>~3. 
If n is even, for instance n= 2k, then the number of abelian components 
in H is at most pk+ 1 by (1.6). Therefore the number of nonabelian 
components in ~ is at least r -pX-  1, we have 
[G'I >>- ( r -  1 _pk)(p_ 1)+ 1 >~pn-l_pk+l +pk. (13') 
If k>2,  then n -1  =2k-1  >k+ 1 and we have ]G'I >~p~-I as before. 
Finally assume that k = 2 and n = 4. If H would contain p2+ 1 abelian 
components, then {Hc~f21HeH, H'=I}  would be a (complete) 
congruence partition of £2, that is, 
U 
Hc~,  
H abelian 
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By (3) any other component would intersect ~ trivially, thus, as Hc~ ~2 > 1 
for all H in H, there do not exist any nonabelian components in 
and therefore r=p2+ 1. But this is a contradiction to r>p 2 +p+ 1. The 
PCP H can therefore contain at most p2 abelian comoponents and after 
counting again, we see 
IG'[ ~ (r--p2)(p-- 1) + 1>p2 (13") 
and therefore [G'[ ~>p3, if n = 4. 
Altogether we have [G'l>~p =-~ for all n~>3. As G' is a subgroup of 
~b(G), we obtain now IG'I, I~(G)I ~ {P=-*, P"} by (2.1), hence (2.4a). 
(2.4b) I f  JG'I =pn-1  then n=3,  qS(G)=G', and G is isomorphic to the 
group in (2.4)(ii) above. Furthermore T(G)=p + 2. 
Assume that IG'[ =pn-1. As r (p -1 )+ 1 >p=-l ,  there exists a compo- 
nent N in lq which intersects G' trivially. As a consequence, N is abelian 
and N£2 is an abelian maximal subgroup of G (observe that G' is a 
maximal subgroup of £2 and that Nn  £2 is nontrivial, whence ]Nc~ ~21 =p). 
Let H be any other component of H - {N} and H u := Hc~ N£2. By using 
(1) and the fact that N~2 is abelian and maximal in G, we obtain that H N 
is an abelian maximal subgroup of H. Hence Hu is normal in H and in NO 
and as HN£2 = G, we see that Hu is a normal subgroup of G. Thus we may 
apply (1.4) with X:=Hu and obtain that {KHu/H~vIK6~} is a set of 
nontrivial subgroups of G/Hu and 
t~3(G):~(G)C~HN{<~p2=.[HN[-1.(r(p--1)+ I ) I  <p2. (14) 
(Observe that Hu has order p"- l . )  We have that J~(G) : ~(G)c~Hul 
{1,p). 
If ~(G) ~< H N ~ H, then any component different from H intersects qs(G) 
trivially and is therefore lementary abelian. Using (1.6) and the fact that 
the abelian component N intersects £2 in a subgroup of order p, we obtain 
that f21 =p2 hence n = 2, a contradiction. 
We conclude that H N ~ ~5(G) is a maximal subgroup of ~(G). Since H 
has been chosen arbitrarily in E -  {N} this holds for all components 
different from N. Thus, again with (3), we have Iq~(G)l ~<p2 By using (2.4a) 
and n ~> 3, we see that [~(G)[ ~>p=-i ~>p2. Thus equality holds everywhere 
and we obtain lq>(G)] __pZ, q~(G) = G', and n = 3. 
Furthermore, as N intersects ~(G)= G' trivially, we see that q~(N)= 1, 
thus N is elementary abelian. Also N£2, which is equal to N~(G), is 
elementary abelian. 
All components different from N intersect ~0(G) nontrivially. (This is 
clear, if H is nonabelian. If H is abelian, then IHn  £21 =p2 by (1.7)(ii) and 
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the facts that If2[ _p3 and ]Nc~2 L =p. Hence Hnf2  and ~b(G) both are 
maximal subgroups of f2 and have therefore nontrivial intersection.) Thus 
r<~ T(#(G))+ 1 =p + 2. By our general assumption we have equality. 
Since [f2t =p3 is not a square, H can contain at most 2 abelian 
components by (1.7)(i). Hence there exists a nonabelian component in 
H - {N}. Furthermore Hc~ N(2 is elementary abelian of order p2 for all 
H in H-{N}.  Therefore, if p=2,  any nonabelian component in 
-{N} contains at least 3 elements of order 2. Thus the nonabelian 
components are dihedral goups of order 8. Since each ot them contains 
exactly 5 elements of order 2, we find an element e of order 2 in H which 
does not lie in Nf2. I fp  is odd, we can apply (1.8) and obtain that G is of 
exponent p. 
Altogether, we can choose an element c of order p in G-  NO and there- 
fore (c, Nf2)=G.  Let (a, b,x) be a basis of N where (x )=Nc~(2  and 
(u, v) a basis of q~(G) (regarded as vector spaces over GF(p)). The element 
c induces by conjugation a linear mapping on N~b(G). If w~N then 
wC=w[w, e] ~wG'=w#(G).  As Nc~ #(G)= 1, we see that wC~N if and 
only if c centralizes w, hence if and only if w ~ N~ £2 = (x ) .  Without loss 
of generality we can assume that aC=au and bC=bv (note that 
a- ld= [a, c] and b- lb '= [b, c] have to be linearly independent in #(G) 
since G' = ~b(G)). 
Thus G is isomorphic to 
(a, b, e, u, v, x] all generators have order p; [a, cl = u, [b, c] = v, 
all other commutators in generators are equal to one). 
In order to conclude the proof of (2.4b) it remains to show that T(G)= 
p+2.  
First let p = 2. Then the subgroups N := (a, b, x ) ,  H1 := (av, c, u), 
//2 := (bu, cx, v), and H3 := (abc, ux) form an (8, 4)-PCP in G (this 
example is due to A. P. Sprague [13]). We remark that H1 and H2 are 
dihedral groups of order 8, N is elementary abelian, and H 3 is isomorphic 
to Z4xY2. 
I fp  is odd, we may again use (10) and (11) as G has class 2. Again any 
element in G can uniquely be written as a~b¢cTu~vVx ~ with e, 8, 7, #, v, ~ in 
GF(p). Let H be the following set of subgroups of G: 
Hi := (abiv, cxiv, uv i ) = { a ~bi~e~uTv~ + P + exi~ Io~, fl, y e GF(p)  }, 
i s GF(p); 
Hoo := (bc, ux, v)  = {b~c~u'v'-(~)x~[c~, fl, y e aF(p)}  
and 
N:= (a, b, x )  = {a~b¢x~la, 8, 7 ~ GF(p)}. 
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Using the standard presentation of G, it is not difficult to show that H is 
a (p3, p + 2)-PCP in G (we skip again the details). This proves (2.4b). 
We remark that N and H~o are elementary abelian and all H~ are 
extraspecial of exponent p. 
(2.4c) I f  G is special with center of order pn, then n -- 3, p is odd, and G 
is isomorphic to the group #l (2.4)(i). Furthermore T(G) =p2 + 1. 
In order to prove that n=3,  it is sufficient to show that H cannot 
contain two components H and K with [Hc~O] = ]Kc~O[ =p provided 
that n ~> 4, because then we obtain 
pn = ig2[ /> (r-- 1)(p2-- 1) +p/> (pn- l _  1)(p + I) ÷p 
=p,  +p, -  1 - -  1, 
which gives the desired contradiction. 
We proceed now as in [6, Sect. 51. For the sake of completeness and as 
only the odd case is dealt with in [61, we include the proof. 
Let H be a component in H satisfying [H c~ ~2[ --p, say H c~ £2 = (h) .  We 
choose hi, ..., h,_~ in H such that (hi ,  ..., hn_x, h) =H (this is possible by 
Burnside's basis theorem (see, e.g., [9, Chap. II1, 3.15])). Let xEG-H~2.  
As H(2 is a maximal subgroup of G, we have G= (x,/-/£2). 
If H would be abelian, then we would have G'=Z(G)= ( Ix ,  hl]  .... , 
I-x, h , _ l ] )  and therefore IG'I <~pn-1. This is a contradiction. (Observe 
that a special group has elementary abelian center and class 2 so that we 
again may use the bilinearity of the commutator mapping.) 
Thus H is nonabelian and we obtain I ¢~(H)=H'=H~=(h) .  
By Burnside's basis theorem the set {h~ .... , h ,_ l} above is a minimal 
system of generators of H. Without loss of generality let [ -hi ,  h21 = h. 
Assume that K is a further component in k~ - (H} satisfying [Kc~ g2] =p. 
By (1) there exists an element b in Kc~ (G-Hg2). As above G= (b, H~2) 
and therefore G '= ([-b, h~l .... , [b, h~_ 1], [hi, h21 ). Furthermore, as G' is 
elemenary abelian of order p", the n-tupel ([b, h~l, ..., [b, hn_~], [hi, h2]) 
is a basis of G'. 
Now it is not difficult to see that CG(b), the centralizer of b in G, is 
(b, f2) and therefore abelian of order p" + 1. If we denote by k a generator 
of qS(K) = Kc~ Z(G), we obtain CG(b ) c~ K= (b, k ). This group has order 
p2. By using once more Burnside's basis theorem, we can choose a minimal 
set of generators of K containing b, e.g., let K be generated by b, 
k2 ..... kn_ 1 where [b, k21 = k. 
If n ~> 4, then the generator k 3 exists. Furthermore k3 e K -  (b, k2) and 
therefore k 3 does not centralize b. Since K '= (k )  we may also assume that 
[b, k31 =k and obtain [-b, k2kf  1] = [b, k21[b, k3] -1 = 1. (Here we have 
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again used that [ . , - ] :  G x G~-+ G' is bilinear.) Thus k2k~le CG(b)c~K= 
(b, k )  and we obtain k3 ~ (b, k2, k ) = ( b, k2), a contradiction to the fact 
that k 3 together with b and k2 belongs to a minimal set of generators of K. 
This gives the desired contradiction. Hence we indeed have n = 3. 
I fp  is odd, then we can use (1.8) to show that G has exponent p and it 
is then clear that G is isomorphic to 
(a, b, c, x, y, zlall generators have order p; [a, b] =x,  [a, el=y, [b, c] =z; 
all other commutators in generators are equal to one ). (15) 
This group is investigated extensively in [6, Sect. 6]. It is proved there that 
T(G)=p2+ 1 for all odd prime numbersp. 
It remains therefore to investigate the case p -- 2. By assumption we have 
that £2 = Z(G) = G' = q~(G) is elementary abelian of order 8 and that H is 
an (8, r)-PCP in G with r ~> 4. We use an argument of A. P. Sprague in 
[13] which leads to a contradiction and include a proof as this particular 
case is neither pointed out explicitly in [13] nor in [5]. 
The factor group G/O is elementary abelian of order 8, thus we can think 
of the lattice of subgroups of G/£2 as the Fano plane over GF(2). Using the 
same notation as in (15), let G/~2 := (aO, bO, cf2), [a, b] =x,  [a, c] =y,  
and [b, c] =z, where (x, y, z )  = ~2. As at most one component meets ~2 in 
a 2-dimensional subspace, we have at least 3 components which meet O in 
a one-dimensional subspace and see that ~(f2) := {Hf2/f21H~ H } contains 
at least 3 lines of G/g2. As r>~4, we even have that H(f2) contains three 
lines which form a triangle of G/f2. (If ~(f2) contains no triangle, then we 
have only three lines in ~(;2) and they meet in one point of G/f2 and any 
other component corresponds to a point in G/f2. But as all points are 
covered by these lines and as r ~> 4, we obtain K~2 ~ Hf2 for some different 
components K and H in ~, which is a contradiction to (1).) 
Thus without loss of generality we can choose a coordination of G/f2 and 
H1,  H2,  H 3 in H such that Hlf2 = (af2, bf2), / /2= (af2, cf2), and H 3 -~- 
(b~2, cf2 ). Now have a look at Hlf2 c~ H2f2 = (a, ~ ). As a 2 e H1 c~ Ha = 1, 
we see that a has order 2. The same argument shows that likewise b and 
c have order 2. We can therefore present G as in (15) (with p = 2). 
Let H 4 be a fourth component of ~. If H4 as well would correspond to 
a line in G/f2, then H4(2 would meet at least one face of our triangle, e.g., 
without loss of generality H4~'~ ~ H1(2 = (ab, (2). But as (abw) 2 = [b, a] = 
[a, b] =x  for any w in O, the components H1 and/-/4 would have (x )  in 
common, a contradiction to (3). 
Thus B(~2) contains no further lines of G/~2, hence any component H 4 
in ~ different from Ha, H2, and g 3 leads to a point in G/f2. As the point 
//4£2 is not incident with the triangle by (1) and as H~f2, H2f2, and H3~ 
cover all but the point (abc, (2), we see that r=4 and H4f2= (abc, f2). 
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The definition of the commutators hows now that Ha~(2=(x) ,  
H2nt2= (y ) ,  and H3~f2= (z ) .  Furthermore H4m12 has order 4 and 
because of (3) is a subset of {1, xy, xz, yz, xyz}. Thus H4c~f2= 
{1, xy, xz, yz}. But this is a contradiction to (H412)2= (xyz)<~H4nt-2 
(note that abcw ~ H4 for some w in 12 and that (abcw) 2= xyz by using the 
presentation of G). 
Altogether, we have proved that T(G)~< 3 provided that G is a special 
2-group of order 64 with center of order 8. 
The proof of (2.4c) and (2.4) is now complete. | 
(2.5) I~1 #p"-L 
Proof. Assume that Ig2[=p n-1. As r (p -1 )+ l>p n-a there exists a 
component N in ~q which intersects 12 trivially. Thus NO is a maximal sub- 
group of G and therefore normal in G. As NsC2 is isomorphic to N x 12 we 
see that ~b(N12) = ~b(N). As ~(N) is a characteristic subgroup of NO we see 
furthermore that ~(N)  is a normal subgroup of G. As nontrivial normal 
subgroups of G have nontrivial intersection with £2 we obtain that 
~(N) = 1, thus N is elementary abelian. 
We proceed now similar to the beginning of the proof of (2.4b). 
NO is an elementary abelian maximal subgroup of G. Let H be any com- 
ponent of H -{N},  then HN :=Hc~ NO is a normal subgroup of G of 
order pn 1. The set {KHN/HN[KeH } consists of nontrivial subgroups of 
G/H~v and as in (14), (1.4) yields Iq~(G) : ~b(G) n HN[ <~p2~. IHN[-~ 
(r(p--1)+l)-~<p 2. An application of (1.5) and (1.6) together with 
Remark (1.7)(ii) shows that any component H which is different from N is 
nonabelian. (Let He  H - {N} and assume that H is abelian. Then 12 ~ H 
by (1.7)(ii) and the facts that N is abelian and Nc~£2= 1. Hence, by (3), 
we have Kn  12 = 1 for all K in H - {H}. The argument of the beginning 
of the proof shows then that K is elementary abelian. Hence N consists 
only of abelian components whence [Xn f21 is constant for all X in H by 
(1.5) and (1.6), this is a contradiction.) Therefore 1 # ~(H)  for all H in 
H - {N} and H~vn q~(G) is a maximal subgroup of ~b(G). We obtain that 
[q~(G)l=p 2 and r-l<~T(q~(G))<~p+l. Thus r<~p+2 and therefore 
n = 3. By our general assumption we have r =p + 2. In particular ~(G) is 
elementary abelian. 
The component N intersects ~b(G) trivially as ~(G)= U~/~.-{N~ Hca 
~b(G). Hence NO = Nob(G). 
Now fix a component H in H-{N}.  Let hsH~(G-N~(G) ) ,  then 
(h, NqS(G))=G. Let x be an element of N. If xheN, then x-lxh= 
Ix, hi eN~ G '= 1, hence h centralizes x and as NO is abelian this shows 
that x s Nc~ 12 = 1. Thus no nonidentity element of N is centralized by h. 
As Nq~(G) is elementary abelian of order p5 the conjugation of Nq~(G) by 
94 DIRK HACHENBERGER 
h is a linear mapping with respect o GF(p). Let nl, n2, n3 and vl, v2 be 
bases of N and ~b(G), respectively, and combine them to a basis of N£2. As 
a matrix with respect o this basis, the conjugation by h on N~b(G) has 
the form (0 3 e*), where • is a (3 × 2)-matrix over GF(p) and E3 and E2 are 
the identity matrices of rank 3 and 2, respectively. As the rank of • is at 
most 2 it is not difficult to see that there exists an x ~ 1 in N which is fixed 
by h. But this leads by the argument above to a contradiction, which 
proves (2.5). | 
In order to complete the proofs of (1.1) and (1.2), we finally show 
(2.6) [OI >pn-2. 
Proof. Assume that [O[ <~p,-2. Similarly to [4] we study the sets 
f~ := {He H [H~g2= 1} and M := {Hef~lH '¢ l} .  
Since at most ([f21 - 1 )(p - 1)- i components of H intersect £2 nontrivially, 
we obtain 
a := IA] > j r -  (1£21- 1 ) (p -  1) -1. (16) 
By Remark (1.7)(ii) and the definition, ~ can contain at most one abelian 
component (see also [4, step 4, and the subsequent remark]), whence 
a' := IA'I >i a - 1 >/r - 1 - (I(2l - a)(p - 1) -1 (17) 
We are now going to determine the orders of G' and ¢(G). 
Let X be any subgroup of G. Since G' is a normal subgroup of G, we 
have that X '~= {xgl x eX', g e G}, the union of the conjugacy classes of 
elements in X' is a subset of XGn G'. 
Now let He  M. Then H'  is a nontrivial noncentral subgroup of G', 
hence Ih~[>~p for all 1¢h  in HnG' .  If HnG'  is of order p, say 
H ~ G' = (h ) ,  then IH 'G - { 1}1 >t (P - 1)p (observe that h g e (h )  if and 
only if he'=h). The same lower bound for [H 'G -  {1}1 holds trivially, if 
H c~ G' has order at least p2. Using (17), (1.9), and r > (pn - 1 _ 1 )(p - 1 ) -  1 
we therefore obtain 
IG'I >~ (P - 1)pa' + [(2 c~ G'[ >~p" _pn-1  + If 2 ~ G'I. 
As G' is a subgroup of ~b(G) and ]~b(a)[ ~<pn by (2.1), we thus have 
(2.6a) G' = ~b(G) is of order p". 
Next we show 
(2.6b) £2 ~< ~(G). 
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The set {Ht2/f2IHE H} consists of nontrivial subgroups of G/t2 and 
satisfies the maximality condition (1). Hence (1.4) yields with X:=f2 the 
inequality 
1£2 : ~(G) c~ £2[ ~<p2n. [~(G)r 1. (r(p - 1) + 1) -1 <p 
and (2.6b) follows immediately. 
We are now going to count the cardinality of S(H) := Ha c~ gS(G)- 
{ 1 } = H a c~ G' - { 1 } for H in A a bit more carefully. 
As [~(G)]=p n, every component H intersects ~(G) nontrivially 
(otherwise we would have H~(G)=G and therefore H=G) .  We are 
therefore able to use the same argument as above to show that 
IS(H)[ )p (p -1)  for all H in A (here we use S(H) instead of H ' c -  {1} 
as we now know that S(H) is nonempty even if H would be abelian). We 
follow [4] and define 
~:={HeA[ [Hac~q~(G) -{1}[=p2-p}  and b := [BI. (18) 
As mentioned above, [13 consists exactly of the component H of A, where 
IS(H)[ is minimal. In order to obtain some information about the 
cardinality b of B, we are going to deduce lower bounds for {S(H)I if 
HeA-B :  
Let He  A -  ~ and let J ( := Hc~ ~(G). If X is of order p, say X= (h) ,  
then [S(H)[ >>.p2(p_ 1) since Ih ~] = I(hi)G[ for i= 1 ..... p-- 1 and by the 
definition of B. If X has order at least p2 and g e G does not normalize X 
(such an element exists as X~H and H intersects f2 trivially by the 
definition of A), then [{X y ] y e ( g> }l ~>P and therefore 
U Xy ~>([XI-p -~[X] )p+p * IX l>~p2(p-1)+p,  
Y~(g)  
whence trivially IS(H)[ >~ p2(p _ 1). 
We have therefore [S(H)[ ~p2(p_  1) for all H in A - ~3. 
Using (1.9), (2.6b), and (17) we now obtain 
p~= [~(G)I ~ ~ [S(H)r + Jr2] 
HeA 
>~ p2(p _ 1)(a-  b) + p(p - 1) b + 1£2r 
>~p2(p _ 1)(r - l - (1£2J - 1). (p - 1) -1) +pe(p _ 1) 
- -p(p- -  1) 2 b+ ]~l 
>>,p2(pn-1 _ 1£21 ) _p(p  _ 1)2 b +pg(p _ 1) + 1£21 
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and therefore a lower bound for b: 
p(p-  1) b~>p"+p2-  (p+ 1) [~2 I. (19) 
If H and K are two different components of g with (h} = Hc~ ~(G) and 
(k} = Kn  ~(G), then h and k are elements of order p and lie in Z(H) and 
Z(K), respectively (note that H'=Hn~b(G)= (h}, if H is nonabelian, 
whence H'<. Z(H) as H' is normal in H and thus intersects Z(H) non- 
trivially). Now hf2¢kO. (Otherwise h-lkef2 and therefore h and (h-lk) 
centralize H, whence k=h(h-lk) also centralizes H. Since k eZ(K) this 
yields that k e £2 by (1), a contradiction to the choice of K.) We therefore 
have that q~(G)/~2 contains at least b different subgroups of order p. 
Therefore I~b(G)[ -If2[-1 ~> b(p - 1) + 1 and this gives an upper bound for b: 
p(p - 1) b ~<p,+l [O1-1 _p.  (20) 
Comparing (19) and (20) we obtain 
0 ~ _p.+l lal-1 +p +p~ +p=_ (p + 1) 1~1. 
With I~[ :___pro and i := n -  m, after some simplifications, we see 
0 >~ (p '~-p) (pf -p-  1). 
By assumption i >~ 2, 
pm _p ~ O, hence m = 1. 
We have proved 
hence p i _p_  1 > 0. It follows therefore that 
(2.6c) 1£21 =p. 
Furthermore, by (19) and (20), we obtain 
b=(p" - l -1 ) (p -1 )  -1. 
Moreover, we can show 
(21) 
(2.6d) r=b+l=(pn- l -1 ) (p -1 ) - l+ l .  
By (21) and the definition of B we have IUH~ (H~n ~(G) - {1})]-- 
pn_p  and thus, with (2.6c), 
O(G) = U ( Ha  n ~(G)) w ~, (22) 
He• 
Hence there exists at most one component N in H - ~, in which case the 
intersection of N with q~(G) is O. Our assumption r> (pn-1  1 ) (p -1 )  -1 
and (22) now imply (2.6d). 
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To conclude the proof of (2.6), we finally have to show that this situation 
cannot occur. We are therefore going to continue the study of the structure 
of G. 
(2.6e) go(G) is elementary abelian. 
Let H be a component in • and let 1 ~ x be an element of H G c~ go(G). 
Then x has order p and Co(x), the centralizer of x in G is a maximal sub- 
group of G and therefore contains go(G). Hence xef21(Z(go(G)) ). As 
{Hac~ go(G)- {1}]He D3} w {(2} by (22) is a partition of go(G), we obtain 
that go(G) is elementary abelian, i.e. (2.6e). 
(2.6f) [G', G] =f2. 
Let (h ) :=Hngo(G)  and geG-Ca(h)  for some component H in ~3. 
Then <h, h g) is elementary abelian of order p2 normal in G, and therefore 
contains g2. Hence (h, hg)Z(G)/Z(G) is normal in G/Z(G) and of order p 
whence (h, h g) <~ Z2(G) (where Z2(G)/Z(G ) := Z(G/Z(G))). With (22) we 
see that go(G)<~Zz(G), hence G/Z2(G) is elementary abelian. As G' is not 
contained in f2, we can now deduce that G is nilpotent of class 3. Thus 
1 ¢ [G', G] <~ go(G) c~ Z(G) = t2 and the assertion (2.6f) follows now from 
the fact that f2 has order p (see (2.6c)). 
We are now going to study the action ~ of G on go(G) by conjugation. 
As go(G) is an n-dimensional vector space over GF(p), the action ~ of G 
on go(G) is a linear representation f G. The kernel C of rc is the centralizer 
of go(G) in G. Let B := (Vl, v2, ..., vn) be a basis of go(G) and <v,) =f2. By 
(2.6f) we have vg=v[v, g]~vf2 for all v in go(G) and all g in G (observe 
that go(G)= G' by (2.6a)). Thus, in the matrix representation with respect 
to B, 7r(G) consists of (nxn)-matrices of the form (e"o -' ~), where 
u~GF(p)"  1 and En_l is the ( (n -  1)x (n -  1))-identity matrix over 
GF(p). 
In particular we obtain 
I~(G)] ~<pn-1 and IC[ ~>p,+l (23) 
Now HCCG holds for every H in B, otherwise <h)=Hc~go(G) is 
centralized by H and C and therefore <h)~<f2, a contradiction. Thus we 
have that {HC/C[He B} satisfies the maximality condition (1), and (1.4) 
together with (21) yields 
IcI .<p2. Igo(G) c~ CI Igo(G)1-1 (b(p-  1) + 1) -1 =p~+ 
(Observe that g0(G) ~< C as go(G) is abelian.) 
Using (23) we obtain 
I~(G)l=p n ~ and [Cl=p n+l. (24) 
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Furthermore, by the definition of C and the fact that ~b(G) is an abelian 
maximal subgroup of C, we see that C also is abelian. As IHc~ ~(G)I =p 
and HC--/: G for all H in ~ we have that H c~ C has order p2 for every H 
in •. Thus {HC[HeB} is exactly the set of maximal subgroups of G 
containing C. 
It is easy to see that C is elementary abelian, otherwise q}(G)---~I(C) 
and H c~ C is cyclic for all H in B and therefore all H in B contain 
(xPlx • C), which is a group of order p. But this is a contradiction to (3). 
Together with the following observation we will be able to conclude the 
proof of (2.6). 
For each K in B let Xx := K c~ C. As C is normal in G, the subgroup XK 
is normal in K. Since C is abelian, we obtain that both K and C are sub- 
groups of N~(XK), the normalizer of XK in G. As Xx is not normal in G 
and as KC is a maximal subgroup in G, we indeed have equality: 
N~ ( K ~ C) = KC for all K in B. (25) 
Hence S(XK) :={XgIg~G},  the set of subgroups in G which are 
conjugate to Xx, has cardinality p. It is clear that S(Xx) consists of 
subgroups of C. 
Assume that all members of S(XK) are mutually disjoint for all K in B. 
By using (1.9), we then obtain 
pn+~- l= lC] - l>~ ~ ~ ( [XL -1)=bp(p2-1)  
K~ ~ X~ S(XK) 
=(pn ~__l)p(p+l)=pn+l+pn__p2 p, 
which is a contradiction to n >~ 3. 
Therefore there exists a component H in B such that S(XI~) is a set of 
subgroups of C which are not mutually disjoint. Moreover, all members of 
S(XH) have a one-dimensional subspace in common. 
We choose such a component H in B and a basis (Vo, vl, v2, ..., vn) of C 
such that (VO, V l )=HrhC , (Vn)=ff2 and (Vl, Va,...,Vn)=CI)(G) (in 
particular @1 ) = Hn ~b(G)). Let g e G - HC. The one-dimensional sub- 
space of XH = Hc~ C which is fixed by the conjugation with g is of course 
not @1 ) (note that HC= H~(G) is exactly the centralizer of (v l )  in G). 
Without loss of generality we may therefore assume that v 0 commutes 
with g. Furthermore, by (2.6f) and the fact that O = (v , ) ,  we may assume 
that vf = vlv,. 
Next we show that vo lies in the center of H. 
Let ~ denote the action of G on C by conjugation. As C is abelian, C lies 
in the kernel of v. Since ¢b(G) ~< C, we have that kernel(r) ~ kernel(re) = C, 
A COMBINATORIAL PROBLEM IN GROUP THEORY 99 
hence kernel(z) = C. The image v(G) is therefore isomorphic to G/C, hence 
elementary abelian of order pn- 1. Now for any h in H we have 
v; (h)=v0 h=v0[v0, hi ~ vo(H~ G')=Vo(V 1). 
If vo h= /.70/)1 for some h in H, then, with g as above, v~o(h)'(g)= Vo hg_ _ 
(Vovl)g=vovlV,. But v(G) is abelian, whence also V~o(h)'(g)=V~o(g)~(h)= 
Vgh=V~=VoVl. This is a contradiction and therefore v 0 is indeed an 
element of the center of H. 
This finally leads to a contradiction which proves (2.6): 
As, besides H, also g and C centralize v0, we see that G= (g, HC) <~ 
Cc(vo) and therefore vo~Z(G). But this is not possible by the choice 
of// .  I 
Theorems (1.1) and (1.2) are now completely proved. 
3. CONCLUDING REMARKS 
We conclude this paper with some remarks. 
A partial congruence partition is called maximal, if it cannot be enlarged 
by adding a further component. Most of the known examples of maximal 
PCPs contain at least one normal component (see [6,7]). Partial 
congruence partitions with at least one normal component are very 
interesting objects which are studied from a geometric and a group 
theoretic point of view [8, 7], respectively (the reader is referred to [8], 
where the connection of such PCPs to translation ets with transitive 
directions is discussed). This situation occurs also in our examples which 
prove (1.2b) and (1.2c). 
The proof of (2.3) shows that each PCP in E(p 3) x EA(p 3) (the group in 
(1.2b)) of maximal possible degree p+2 contains a normal component 
which is isomorphic to E(p 3) (see, e.g., the concrete xample in (12)). The 
partial congruence partitions in the special group of order p6, exponent p, 
and center of order p3 (see (1.2c)) constructed in [6, Sect. 6J likewise 
contain one normal component. 
The group G in (1.2d) is the only example known to the author where 
the PCPs of largest possible degree do not contain any normal component. 
(This can easily be shown by using (1.7) and the fact that there exists an 
elementary abelian component intersecting q~(G) trivially. We do not want 
to go into further detail here.) 
The group G = E(p 3) x EA(p 3) in (1.2b) is also quite interesting because 
of the following reason: As far as the author knows it is the first example 
of a maximal PCP containing a normal component which has degree not 
of the form pk+ 1 (for a suitable positive integer k). All maximal PCPs 
constructed in [7] have a degree of this form. 
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We finally want to ment ion that we do not know any example of a group 
G of order p2~ with n >/4 satisfying T(G) = (p~- i  _ 1)(p - 1) - t  (equality in 
the statement of Theorem (1.1)). Start ing with r -- (p~ - 1 _ 1 )(p - 1 ) - t, the 
proof  of (1.1) shows that a lot of further cases would have to be 
investigated. It seems therefore to be suggestive to look for examples in 
groups of order p8 (the case n = 4) first. 
The constructions in [7]  show that for small n there exist examples 
of groups G of odd order where T(G) comes quite close to the bound 
in (1.1): 
- -  For  any odd prime number p there exists a nonabel ian group X of 
order p8 satisfying T(X) ~>p2 + 1. (Note that T(X) ~<p2 +p + 1 by (1.1).) 
- -  For  any odd prime number p there exists a nonabel ian group Y of 
order p12 satisfying T(Y)  >/p4 + 1. (Note that T(Y)  <~p4 +p3 +p2 +p + 1 
by (1.1).) 
If p =2,  then again by a construct ion in [7-1, there exists a nonabel ian 
group Z of order 212 satisfying T(Z)>/9. (By (1.1) we have T(Z)<<, 31.) 
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